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Bayesian Inference

* Forward and Inverse Problems

d = f(m)
m = arg, min |f(m) — d |

fm: f(m) — d,, acceptable}

m — model
d — data

f — forward function



Bayesian Inference

e Bayes’ theorem

» likelihood

_ (dobs | m (m) —p Prior pdf

D (dobﬁ

—3 evidence

Can we estimate this ‘ (m )
using Neural Networks? P obs

Posterior <«
pdf

m = model , d,,; = observed data
pdf = probability distribution function
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Neural Network
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Neural Network

Hidden Layer Hidden Layer Hidden Layer

......

Recursive, convolutional, adversarial, PINN, etc.



Mixture Density Networks

e Standard Neural Network (NN) gives no uncertainty information

* Parameterise uncertainty using mixture of densities (= MDN)
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Mixture Density Networks
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Invertible neural networks - Approx. posterior pdf

with correlations

Input
output

Inverse

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication
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Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication

Y20 NNl

Input 5> ¢ s; t; Output

Any functions
S2(x2) ty(x32)

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication
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Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication

77N
e’/ AN

V1 =x1 O exp(sy(x2)) + ta(x2)

Input Output

—t— Y,

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication

77N
g/ o

y1 = x1 O exp(sa(x2)) + ta(x2)
V2 = x; O exp(s1(¥1)) + t1(¥1)

Input Output

—t— Y,

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

© - elementwise multiplication

Y8 NNl

Input s, t, s b Output,
X2 // \® i
y1 = x1 O exp(sa(x2)) + ta(x2) x; = (Y1 — t2(x2)) © exp(—s2(xz))
Y2 = x; O exp(s; (7)) + (1) x; = (y2 = t1(71)) O exp(—s1(y1))

S1,S9, t1, t, can be any functions, e.g., fully connected NN, CNN, PINN, ...

Coupling Structure
Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

Forward: x 2 vy

---------------->
1) // R 2
X \\ / \y / 02!
«---------------I :: o |
Inverse: x €< [y y’] y’

Min: [ly —nn(x)|l + MMD[p(y,y’),nn(p(x))] where y’~ N(0,1)

auxiliary variable to
introduce randomness
to the output of Inverse

 Maximum Mean Discrepancy (MMD): a measure of difference between two distributions
MMD(P, Q) = Ey xrp[k(X,X)] + Eyyr_o[k(Y,Y)] = 2Ex_pyo[k(X,Y )]

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

Forward: x 2 vy

) —
----------------’
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X v o2 introduce randomness
Sample of Data G e e L to the output of Inverse
uncertainty pdf Inverse: x < [y y’] y

Min: ||y — nn(x,e)||+ MMD[p(y,y"),nn(p(x,€))] wherey'~ N(0,1)

 Maximum Mean Discrepancy (MMD): a measure of difference between two distributions
MMD(P, Q) = Ey xrp[k(X,X)] + Eyyr_o[k(Y,Y)] = 2Ex_pyo[k(X,Y )]

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

Forward: x 2 vy

) )
----------------’
X
| . // e y ?uxmary variable to
X » 0 o introduce randomness
— G ——————— to the output of Inverse
Pad to equalize “—— __ . 0 P
dimensionality Inverse: x < [y y’] y

Min: ||y — nn(x,e)||+ MMD[p(y,y"),nn(p(x,€))] wherey'~ N(0,1)

 Maximum Mean Discrepancy (MMD): a measure of difference between two distributions
MMD(P, Q) = Ey xrp[k(X,X)] + Eyyr_o[k(Y,Y)] = 2Ex_pyo[k(X,Y )]

Ardizzone et al. (2018 — arXiv)
Zhang & Curtis (2021 — J. Geophys. Res.)



Surface wave dispersion inversion
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Surface wave dispersion inversion
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Surface wave dispersion inversion
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Surface wave dispersion inversion — Training Set

Phase velocity
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Zhang & Curtis (2021 — J. Geophys. Res.)



Examples

True model
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Examples
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Posterior pdfs

INN INN
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Posterior pdfs
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Covariance matrix

INN

Parameter index
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Parameter index

Hard to obtain from MDNs

Zhang & Curtis (2021 — J. Geophys. Res.)
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Invertible neural networks

Forward: x 2 vy

() o o e - — » )
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~— « ---------------- — oo b - . : i
Inverse: x €< [y y’] y’

Min |ly —nn(x)|l + MMD[p(y,y’),nn(p(x))] where y’~ N(0,1)

* Does not work well in high dimensionality because of the MMD measure

Zhang & Curtis (2021 — J. Geophys. Res.)



Invertible neural networks

Forward: x 2 vy

(T T > )
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X 1 1 \\ y y
. A / ey |y l
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Inverse: x € [y y'] y’

Min |ly — nan(O)ll +(—plnn="'(y, y)lldet]),,,-1(y,y)]) where y'~ N(0,1)

* Minimize MMD -2 Maximize prior likelihood of (y,y’)

Zhang & Curtis (2021 — J. Geophys. Res.)



2D Travel time Tomography
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Examples

Training

Zhang & Curtis (2021 — J. Geophys. Res.)
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Examples
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Examples - INN
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Examples - McMC
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Covariance matrix

INN McMC
1.00 1.00
0.75 0.75
- 0.50 - 0.50
S - 0.25 ) - 0.25
© ©
c £
= - 0.00 = - 0.00
()] Q
O o
- —0.25 - —0.25
- —0.50 - —0.50
—-0.75 —-0.75
80 _| T T T —100 80 i T T T —100
0 20 40 60 80 0 20 40 60 80
Cell index Cell index

Zhang & Curtis (2021 — J. Geophys. Res.)



Examples
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Examples - INN
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Examples - McMC

Zhang & Curtis (2021 — J. Geophys. Res.)
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Covariance matrix
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Summary — INN’s

Invertible Neural Networks + Max. Likelihood Loss Function estimate posterior pdf’s
- Zhang & Curtis, 2021. “Geophysical Inversion using Invertible Neural Networks”, J. Geophys. Res.

Solve multiple similar problems very rapidly post-training

2D tomography: Similar training time to running Monte Carlo once

Both the strength, and the weakness comes from training over the entire prior pdf



Variational Inference using Normalizing Flows

Rezende & Mohamed (2015 — arXiv)
Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Variational Inference

p(d,ps/m)p(m)
p(dobs)

p(mldobs) —

Variational Inference approximates p(m|d,;;) by simpler pdf g(m) in family Q(m):



Variational Inference

Posterior pdf p(m|d,;s) Variational pdfs g(m) in Q(m)

™Y KL[q||p]

—)

KL (Kullback-Leibler) divergence measures difference between g and p:

Minimize KL[g(m)||p(m|d,ps)] = Eq[log (Q(m)/P(m|dobs))]

& |Maximize|ELBO(q) = IEq[log p(m,d,s)] — E4[log q(m)1
Evidence lower bound




Normalizing Flows

Apply K invertible transforms to convert q,(my) to target pdf g (my)

Initial pdf go(m)

Transforms

(Flows)

Target pdf g (my)

myg = F(mg) = fg o fg_q 00 fp 0 f1(mg)

qx(mg) = qo(my)

det

oF
dm,

-1

Volume change

K

= qo (mo):

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)
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Every flow must be invertible




Normalizing Flows
Apply K invertible transforms to convert q,(my) to target pdf g (my)

Initial pdf go(my) Target pdf g (my)

Transforms

(Flows)

myg = F(mg) = fg o fg_q 00 fp 0 f1(mg)

0
) S /t / . \s\ t i Output y
2 L2 1
v DA

Input x

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



INN versus Flows:

INN Learn relationship between all of the data and model spaces

Loss function: min. ||y — nn(x)|| + MMD[p(y,y"),nn(p(x))] oruse Max. Prior Likelihood form

1 ®_'+
e e
2 2

Input x sl\tl\ Output y
X2 // Z2 O—+—
Flows Find an approximation to the posterior pdf for one specific d

Loss function: min. KL(g(m)||p(m|dgps))

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Synthetic Test of travel time tomography

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)

ravel Time Tomography
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Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)

ravel Time Tomography
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Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)
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ravel Time Tomography: comparison
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Computational cost

ADVI 10,000 Cheapest,
- But Incorrect Uncertainty Results
Normalizing Flows 30,000
SVGD 400,000
Rj-McMC 3,000,000
MH-McMC 12,000,000

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Computational cost

ADVI 10,000 Cheapest,
- But Incorrect Uncertainty Results
Normalizing Flows 30,000
SVGD 400,000
Rj-McMC 3,000,000
MH-McMC 12,000,000

Detecting convergence of McMC is subjective

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)
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Computational cost

ADVI 10,000 Cheapest,
- But Incorrect Uncertainty Results!
Normalizing Flows 30,000
SVGD 400,000
Rj-McMC 3,000,000
MH-McMC 12,000,000

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Love Wave Tomography

of the British Isles

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)



Recelver stations
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Computational cost

m Forward Evaluations Elapsed Time (Hours) | Parallelization (Cores)

ADVI
Normalizing Flows
SVGD
RJ-McMC
MH-McMC

10,000
100,000
600,000

48,000,000
30,000,000

Zhao, Curtis, Zhang (2021 — Geophys. J. Int.)

6.95
7.83
31.71
~720
660

10
10
16
20

From Galetti et al., 2017
(same dataset)



Conclusions

1. Normalizing flows: chain of invertible transforms = one approximate posterior pdf
2. One particular form of flow is an Invertible Neural Network (INN)

3. INN’s provide uncertainties including correlations for all (~small) problems

Try it! — Code package:

VIP: Variational Inversion Package (Zhang & Curtis, 2024: Seismica)

All papers are available:  https://blogs.ed.ac.uk/curtis/publications  Andrew.Curtis@ed.ac.uk

Zhang & Curtis, 2020: “Seismic tomography using variational inference methods”, J. Geophys. Res.

Zhang & Curtis, 2024: “VIP — Variational Inversion Package with example implementations of Bayesian tomographic imaging”, Seismica
Zhang et al., 2023: “3D Bayesian Variational Full Waveform Inversion”, Geophys. J. Int.

Zhao & Curtis, 2024a: “Physically Structured Variational Inference for Bayesian Full Waveform Inversion”, ). Geophys. Res.

Zhao & Curtis, 2024b: “Variational prior replacement in Bayesian inference and inversion”, Geophys. J. Int

Zhao & Curtis, 2024c: “Efficient Bayesian Full Waveform Inversion and Analysis of Prior Hypotheses in 3D", arXiv
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Conclusions

1. Reasonable 3D Bayesian FWI results = One extra order of computation c.f. linearised FWI

2. Discriminate ~10 different prior hypotheses > Same order of computation as linearised FWI

Try it! — Code package:

VIP: Variational Inversion Package (Zhang & Curtis, 2024: Seismica)

All papers are available:  https://blogs.ed.ac.uk/curtis/publications  Andrew.Curtis@ed.ac.uk
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